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Non-steady State Diffusion

• Sample Problem:  An FCC iron-carbon alloy initially 
containing 0.20 wt% C is carburized at an elevated 
temperature and in an atmosphere that gives a surface 
carbon concentration constant at 1.0 wt%. If after 49.5 h 
the concentration of carbon is 0.35 wt% at a position 4.0 
mm below the surface, determine the temperature at 
which the treatment was carried out.

• Solution: use Eqn.
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• t = 49.5 h x = 4 x 10-3 m

• Cx = 0.35 wt% Cs = 1.0 wt%

• Co = 0.20 wt%
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 erf(z) = 0.8125



Problem 6.1

• Compare Ds… where T=298K, Diameter = 0.3467 nm; For oxygen 
the partial molar volume is 25.6 cm^3/mol.

• 𝑆. 𝐸. ⇒ 𝐷 =
𝐾𝐵𝑇

6ᴫμ𝑅

• Wilkie-Change (semi-empirical) ⇒

𝐷 = 7.4𝑒 − 10
𝑇 φ𝑀 0.5

μ𝑉𝑜
0.6

; φ𝑤𝑎𝑡𝑒𝑟 = 2.26



Problem 6.1

• Compare Ds… where T=298K, Diameter = 0.3467 nm; For oxygen the 
partial molar volume is 25.6 cm^3/mol. Ans is 2.1e-5 cm^2/s

• 𝑆. 𝐸. ⇒ 𝐷 =
𝐾𝐵𝑇

6ᴫμ𝑅
=

1.38𝑒 − 23
𝐽
𝐾

∗ 298𝐾

6ᴫ ∗ 0.00089𝑃𝑎 ∗ 𝑠 ∗ 1.7335𝑒 − 10 𝑚
∗ 1002𝑐𝑚2/𝑚2 = 1.41𝑒 − 5

𝑐𝑚2

𝑠
• Wilkie-Change (semi-empirical; cP and cm3/mol) ⇒

𝐷 = 7.4𝑒 − 10
𝑐𝑚2

𝑠

𝑇 φ𝑀 0.5

μ𝑉𝑜
0.6 = ; φ𝑤𝑎𝑡𝑒𝑟 = 2.26

𝐷 = 7.4𝑒 − 10
𝑐𝑚2

𝑠

298𝐾 2.26 ∗
18.015𝑔

𝑚𝑜𝑙

0.5

0.0089𝑐𝑃 ∗
25.6𝑐𝑚3

𝑠
0.6

= 2.21𝑒 − 5
𝑐𝑚2

𝑠

Abs(ans-guess)*100/ans = 32.6% error

5.22% error



Problem 6.2

• They want to know what D2 is of a protein at 25oC. They know D1 

(6.8e-7 cm2/s) and R1 (3 nm)

• 𝐷 =
𝐾𝐵𝑇

6ᴫμ𝑅

•
𝐷1

𝐷2
=

𝐾𝐵𝑇

6ᴫμ𝑅1
𝐾𝐵𝑇

6ᴫμ𝑅2

so D2=1.7e-7 cm2/s



Problem 6.3

• MatLab:

• Using recursion relations: 
𝑟𝑖 = 𝑟𝑖−1 + 𝛿



Matlab “RandomWalk.m”
• Create  a program that you can input either [-1 0 1] or [-1 1] with any 

number of steps and have it calculate the error% for each run up to a 
specified value…



Problem 6.4

• Fibrinogen

• Estimate D if 

• A) a prolate ellipsoid

• B) a cylindrical rod



Note: p^0.333 is close to 1 when a and b are similar. Can remove in some cases.



Problem 6.4 (compare to table 6.4)
Note that Table 6.4 should be 2x10-7 cm2/s not positive 7…

• Fibrinogen                                     47.5x9 nm

• Estimate D if 

• A) a prolate ellipsoid

• B) a cylindrical rod

𝑆. 𝐸. ⇒ 𝐷 =
𝐾𝐵𝑇

𝑓𝑏𝑎𝑟
; 𝑓𝑏𝑎𝑟𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑦



Problem 6.4

prolate ellipsoid cylinder

Kb 1.38E-23 J/K Kb 1.38E-23 J/K

T 298 K T 298 K

u 0.00089 Pa*s u 0.00089 Pa*s

a>b a 4.75E-08 m L 4.75E-08 m

a radius 2.38E-08 m D 9.00E-09 m

b 9.00E-09 m r 4.50E-09 m

b radius 4.50E-09 m

a/b 5.28E+00 fbar num 0.000000001

fbar num 3.91E-10
fbar 
denom 6.13E+00

fbar denom 2.347553949 fbar 1.73E-10

fbar 1.67E-10 D 2.37E-07

D 2.47E-07 cm^2/s
D table 
6.4 2.00E-07 cm^2/s

D table 6.4 2.00E-07 cm^2/s Error% 18.69 %

Error% 23.44 %



Problem 6.6

• NO = potent vasodilator for treating newborns who have pulmonary 
hypertension

• Examine transport of gas through an aveolus and into the capillaries.

• Gas is added at a [] < 100 ppm.

• Alveolus is modeled as a sphere of radius Ra



6.6

• 100 ppm => mole fraction of 0.001. The maximum level of error in the flux is also 
on this level. 

• 1-xi =0.9999. 
• So…

• Time to reach steady state is R2/Dij .

• Radius of alveolus = 50 um = 1e-2 cm; Diffusivity = 0.2 cm2/s. so Timess = 1.25e-4 s

• Gas concentration in blood is = 0.

• Average breath is 5 seconds.  



Problem 6.6 

Mole fraction: ?



Problem 6.6 

Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus? 
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Problem 6.6 

Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus? On this level as well…. 
Since it is dilute we can assume what?
And flux is what?

𝑁1 = −𝐶𝐷𝑖𝑗𝛻𝑥1 + 𝑥1(𝑁1 + 𝑁2)



Problem 6.6 

Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus? On this level as well…. 
Since it is dilute we can assume what?
And flux is what?
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Problem 6.6 

Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus? On this level as well…. 
Since it is dilute we can assume what?
And flux is what?

=?



Problem 6.6 

Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus? On this level as well…. 
Since it is dilute we can assume what?
And flux is what?

=0.9999 initially and grows because 0.0001 gets smaller(t)…
So…



Problem 6.6 

Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus? On this level as well…. 
Since it is dilute we can assume what?
And flux is what?

=0.9999 initially and grows because 0.0001 gets smaller(t)…
So…

Proceed to calculate flux from here if that is the objective
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Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus? On this level as well…. 
Since it is dilute we can assume what?
And flux is what?

=0.9999 initially and grows because 0.0001 gets smaller(t)…
So…

Proceed to calculate flux from here if that is the objective

Mole fraction (ans to part a)



Problem 6.6 

Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus? On this level as well…. 
Since it is dilute we can assume what?
And flux is what?

=0.9999 initially and grows because 0.0001 gets smaller(t)…
So…

Part b.
How long to reach steady state?
R2/Dij= 1.25e-4 s and is much shorter 
5 seconds so yes, the gas is completely
Removed between breaths…

Mole fraction (ans to part a)

Proceed to calculate flux from here if that is the objective



Problem 6.7

We know flow is occurring from left to right:

Needs to hold true:

Reason 1: CL is coming from a source and is expected to be higher on the 

far left. It also needs to be higher than CR and CR needs to continue to 

drop as you go more to the right.

Reason 2: We know that the partition coefficient is the same on the left 

side and the right side of the membrane. Thus if the concentration on the 

far left of the membrane is lower than CL at the membrane, then the 

concentration of the membrane also needs to be lower than CR on the far 

right of the membrane. Similarly, if the concentration on the far left of the 

membrane is higher than CL at the membrane, then the concentration of 

the membrane also needs to be higher than CR on the far right of the 

membrane.

Left figure:

Reason 1 and 2 are satisfied.

Middle figure:

Reasons 1 and 2 are not satisfied.

Right figure:

Reason 2 is not satisfied.



Problem 6.8

What is your assumption based on the previous result the prob.
Is referring to?



Problem 6.8

What is your assumption based on the previous result the prob.
Is referring to?

Reminiscent of resistors in electrical systems!



Problem 6.8

What variables do we need not shown here?



Problem 6.8

What variables do we need not shown here?



Problem 6.8

A1 and C1(x)

A2 and C2(x)

Assuming what about the concentration?



Problem 6.8

A1

A2

Assuming what about the concentration? It’s dilute…



Problem 6.8

A1

A2

What are the conservation relations for each phase?

A1 and C1

A2 and C2
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C(x) changes linearly with x or C(x) = 0… when would C(x)=0? 
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What are the conservation relations for each phase?
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So what does this mean for our solutions of this problem in terms of C(x)?
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A1
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What are the conservation relations for each phase?
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So what does this mean for our solutions of this problem in terms of C(x)?

C1=A1x+B1 and C2=A2x+B2 but let’s actually show this mathematically…

Now what?



Problem 6.8

A1

A2

What are the conservation relations for each phase?

A1 and C1

A2 and C2

What does this mean physically? 
C(x) changes linearly with x or C(x) = 0… when would C(x)=0… for long time t (>5tau)
So what does this mean for our solutions of this problem in terms of C(x)?

C1=A1x+B1 and C2=A2x+B2 but let’s actually show this mathematically…

Now what? Apply B.C.s



Problem 6.8

What is 
Conductance of
Each phase?



Problem 6.9

How?



This is from an earlier problem
to remind you of the solution, 
as it is helpful for you for 6.9.
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Function of L?
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How?

How?

Function of L?



Problem 6.9

How?

How?

Function of L?
Phi.s and D.s must
Be equal…



Problem 6.10

• Where to start?
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Problem 6.10

• Where to start?

• ss? Using r, it is how many

Dimensions?

1-D

What’s the equation:

Remember?
How is this situation different?
What do we need to modify







Problem 6.11
• Moles of solute leaving side 1 per unit time = moles of solute transported across membrane

Diff. statement
6.8.102

Diff. statement
6.8.103

If Vm<<V2 and Vm<<V1 then…



Problem 6.11
• Moles of solute leaving side 1 per unit time = moles of solute transported across membrane

Diff. statement
6.8.102

Diff. statement
6.8.103

If Vm<<V2 and Vm<<V1 then…

𝐶2 = −
𝑣1𝐶𝑜

𝑉2
+ 𝐶𝑥; 𝐶𝑥 =

𝑉1𝐶𝑜

𝑉2
𝑠𝑜 𝐶2 = −

𝑣1𝐶𝑜

𝑉2
+

𝑉1𝐶𝑜

𝑉2
𝑠𝑜 𝐶2 = −

𝑣1

𝑣2
𝐶1 − 𝐶𝑜



Put C2 into 6.8.102

Solve this for C1: hint: there are exponentials in the solution…
Hint 2: Use integration factor: know how to convert a first order differential equation and 
Solve using the integration factor method…covering on 2.6.17







𝒌− =
𝟐𝑫𝑳

𝑹𝑹
𝟐 𝐥𝐧

𝒃

𝑹𝑹



• Would a ligand and receptor be more likely to dissociate if the 
complex were free floating in solution versus on the surface of the 
cell?

• What does entropy (of what?) have to do with 2 spherical entities in 
water (i.e., 2 air bubbles or 2 hydrophobic nanoparticles) combining 
to be one? Why are two bubbles coming together favorable in certain 
cases?

𝒌− =
𝟐𝑫𝑳

𝑹𝑹
𝟐 𝐥𝐧

𝒃

𝑹𝑹


