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Non-steady State Diffusion

 Sample Problem: An FCC iron-carbon alloy initially
containing 0.20 wt% C is carburized at an elevated
temperature and in an atmosphere that gives a surface
carbon concentration constant at 1.0 wt%. If after 49.5 h
the concentration of carbon is 0.35 wt% at a position 4.0
mm below the surface, determine the temperature at
which the treatment was carried out.

* Solution: use Eqn.

C(x,t)-C X
° =1-—erf
C.-C (2\/Dtj

S o



C(x,t)-C, . X
c.-C. eﬁ(zﬁj

e t =49.5h x =4x103m
¢ C,=0.35wt% C,= 1.0 wt%
+ C,=0.20 wt%

Cx1)=Co _0.35-020 _, o X ) 4 .0
Cs—C,  1.0-0.20 2\/Dt
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Problem 6.1

* Compare Ds... where T=298K, Diameter = 0.3467 nm;, For oxygen
the partial molar volume is 25.6 cm”'3/mol.

«S.E.> D ==&
6JILR
* Wilkie-Change (semi-empirical) =
T((pM)OS
D=74e —-10 s Owater = 2.26

AL



Problem 6.1

 Compare Ds... where T=298K, Diameter = 0.3467 nm; For oxygen the
partial molar volume is 25.6 cm”3/mol. Ans is 2.1e-5 cm"2/s

e S.E.> D =28 _
6JIULR ]
1.38¢ — 232 % 298K 2

K 2 ron2 [ 2 ¢
* 100°cm*/m* = 1.41e — 5——
671 % 0.00089Pa * s * 1.7335e — 10 m Abs(ans-guess)*100/ans = 32.6% e‘?ror

* Wilkie-Change (semi-empirical; cP and cm3/mol) =

cm? T(eM)0>
S HVo
0.5
om? 298K (2.26 18905 ) om?
D =74e —10 . T E = 2.21e — ST
: 0.6
0.0089¢P ( S ) 5.22% error



Problem 6.2

* They want to know what D, is of a protein at 25°C. They know D,
(6.8e-7 cm?/s) and R, (3 nm)

e D — KgT
6JIULR
KpT -
D | 6J1LR 1 |
. D_; = Txo17 50 D,=1.7e-7 cm?/s
|6ILR 5 |




Problem 6.3

1 1/2
* MatLab: () =| (x, 2 “2+iz 5
n i=1

e Using recursion relations: s
P =Ti—1

n
(The cross term E X, ,0,1s zero because the mean of §; is still zero. Substituting for x,,.;, the root
i=1

mean square displacement can be written n terms of X,,.:
1/2

n
A\ 2 Az1/2 2 7
() = )7+ 2Y 5
- 1
1] «
1i=1

Repeating this procedure until the first term on the right hand side 1s x; = 0, the root mean square
displacement becomes.

1/2
25T wwor



Matlab “RandomWalk.m”

* Create a program that you can input either [-1 0 1] or [-1 1] with any
number of steps and have

specified value...
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Problem 6.4

* Fibrinogen
e Estimate D if
* A) a prolate ellipsoid

* B) a cylindrical rod



TABLE 6.3

Values of the Mean Frictional Drag Coefficient for
Different Shapes [9,10]

Shape Frictional drag coefficient
Sphere of radius R f= 6muR
Prolate ellipsoid, p = a/b > 1, where ) 6rub(p* — 1)1/?

a 1s a major axis, b is a minor axis

CpYnlp + (p* - 1)V

Oblate ellipsoid, p = a/b < 1 o 6mub(1 — pH)\/?
pl_.f"&l.:_“.l—l[ 1 — pz)l'ﬂp_ll

Thin circular disk of radius a f = 16pa

Cylinder of radius @ and length L ;. 4l

“In(L/a) + 0.193

Source: From Refs [9,10].

Note: p*0.333 is close to 1 when a and b are similar. Can remove in some cases.



Problem 6.4 (compare to table 6.4)

Note that Table 6.4 should he 2x10-7 em?2/s nat positive 7...

g
L N =T

* Fibrinogen
e Estimate D if i
* A) a prolate ellipsoid

» _ emb(p’ - 1)
For a prolate ellipsoid (p=a/b>1) f = 5 =
In[p+(p’ - D'’

* B) a cylindrical roa

F . Smul
3In(L/a)-0.94

For a cylinder of radius a and length L

KgT
S.E.> D =—; fya-based on geometry
bar



Problem 6.4

a>b

prolate ellipsoid

Kb

T

u

a

a radius
b

b radius
a/b

fbar num
fbar denom
fbar

D
D table 6.4
Error%

1.38E-23J/K
298K
0.00089 Pa*s
4.75E-08 m
2.38E-08 m
9.00E-09m
4.50E-09 m
5.28E+00

3.91E-10
2.347553949
1.67E-10

2.47E-07 cm”2/s
2.00E-07cm”2/s
23.44%

cylinder
Kb
T

u
L
D

r

1.38E-23J/K
298K
0.00089 Pa*s
4.75E-08 m
9.00E-09m
4.50E-09 m

fbar num 0.000000001

fbar
denom
fbar

D

D table
6.4

Error%

6.13E+00
1.73E-10
2.37E-07

2.00E-07 cm”2/s

18.69 %



Problem 6.6

* NO = potent vasodilator for treating newborns who have pulmonary
hypertension

* Examine transport of gas through an aveolus and into the capillaries.
* Gasisadded ata [] <100 ppm.
* Alveolus is modeled as a sphere of radius R,



0.6

100 ppm => mole fraction of 0.001. The maximum level of error in the flux is also
on this level.

1-x, =0.9999.

So...

Time to reach steady state is R*/D;; .
Radius of alveolus = 50 um = 1e-2 cm; Diffusivity = 0.2 cm?/s. so Time, = 1.25e-4 s

Gas concentration in blood is = 0.
* Average breath is 5 seconds.



Problem 6.6

Mole fraction: ?




Problem 6.6

Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus?




b\em .6

Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus? On this level as well....




Problem 6.6

6.6 Nitric oxide (NO) is an extremely potent
vasodilator that is used to treat newborns who have
pulmonary hypertension and adults who have under-
gone certain operative procedures. We want to examine
the transport of the gas through an alveolus and into
the capillaries. The gas is added at a concentration of
less than 100 parts per million (ppm). The alveolus is
modeled as a sphere of radius R, (see Figure 6.29).

Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus? On this level as well....

Since it is dilute we can assume what?

And flux is what?

N]_ == —CDUV.X']_ + xl(Nl + Nz)

FIGURE 6.29 Diffusion in an alveolus.

(a) Determine the mole fraction of the gas and assess
the maximum error in the flux, assuming that the
gas is a dilute solution of NO.

(b) In each inspiration, the concentration of NO in
each alveolus is 30 ppm and the gas is initially uni-
formly mixed. Is ‘the gas completely removed
between breaths? Use the following data:

alveolus radius = S0 pm  Dyo = 0.2 cm? 57!
gas concentration in blood = 0



CD;; dx, dx.
N]_ = —CDUVxl + xl(Nl + NZ) N.= Y lf =CD 11

Problem 6.6

6.6 Nitric oxide (NO) is an extremely potent
vasodilator that is used to treat newborns who have
pulmonary hypertension and adults who have under-
gone certain operative procedures. We want to examine
the transport of the gas through an alveolus and into
the capillaries. The gas is added at a concentration of
less than 100 parts per million (ppm). The alveolus is
modeled as a sphere of radius R, (see Figure 6.29).

Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus? On this level as well....

Since it is dilute we can assume what?

And flux is what?

1

_]—xf- ar ¥ g

FIGURE 6.29 Diffusion in an alveolus.

(a) Determine the mole fraction of the gas and assess
the maximum error in the flux, assuming that the
gas is a dilute solution of NO. :

(b) In each inspiration, the concentration of NO in
each alveolus is 30 ppm and the gas is initially uni-
formly mixed. Is ‘the gas completely removed
between breaths? Use the following data:

alveolus radius = S0 pm  Dyo = 0.2 cm? 57!
gas concentration in blood = 0



Pr\em .6

Mole fraction: 100 parts/million = 100e-6 = 1e-4
The error is thus? On this level as well....
Since it is dilute we can assume what?

And flux is what?
CD.. . )
i dx; ~CD dx;

i I—x; dr T dr




Problem 6.6

6.6 Nitric oxide (NO) is an extremely potent
vasodilator that is used to treat newborns who have
pulmonary hypertension and adults who have under-
gone certain operative procedures. We want to examine
the transport of the gas through an alveolus and into
the capillaries. The gas is added at a concentration of
less than 100 parts per million (ppm). The alveolus is -
modeled as a sphere of radius R, (see Figure 6.29). FIGURE 6.29 Diffusion in an alveolus.

(a) Determine the mole fraction of the gas and assess
the maximum error in the flux, assuming that the

Mole fraction: 100 parts/million = 100e-6 = 1e-4 gas is a dilute solution of NO. ,
: . (b) In each inspiration, the concentration of NO in
The error is thus? On this level as well.... cach alveolus is 30 ppm and the gas is initially uni-
. el e e formly mixed. Is the gas completely removed
Since it is dilute we can assume what?

between breaths? Use the following data:

And flux is what? alveolus radius = 50 pm  Dyo = 0.2 em? s~
cD ij dx; gas concentration in blood = 0

]—xf-g

|

=0.9999 initially and grows because 0.0001 gets smaller(t)...
So...

N.=

1




Problem 6.6

6.6 Nitric oxide (NO) is an extremely potent s
vasodilator that is used to treat newborns who have A8

pulmonary hypertension and adults who have under-
gone certain operative procedures. We want to examine
the transport of the gas through an alveolus and into
the capillaries. The gas is added at a concentration of
less than 100 parts per million (ppm). The alveolus is :
modeled as a sphere of radius R, (see Figure 6.29). FIGURE 6.29 Diffusion in an alveolus.

(a) Determine the mole fraction of the gas and assess
the maximum error in the flux, assuming that the

Mole fraction: 100 parts/million = 100e-6 = 1e-4 gas is a dilute solution of NO. i
: . (b) In each inspiration, the concentratllor_x of NO in
The error is thus? On this level as well.... each alveolus is 30 ppm and the gas is initially uni-
. T formly mixed. Is the gas completely removed
Since it is dilute we can assume what?

between breaths? Use the following data:

And flux is what?

alveolus radius = S0 pm  Dyo = 0.2 cm? 57!

_ Dy dx;
I—x; dr

|

=0.9999 initially and grows because 0.0001 gets smaller(t)...
So...
dx;

i~ Proceed to calculate flux from here if that is the objective

N gas concentration in blood = 0

1

=CD



Problem 6.6

6.6 Nitric oxide (NO) is an extremely potent .
vasodilator that is used to treat newborns who have 2
pulmonary hypertension and adults who have under-
gone certain operative procedures. We want to examine
the transport of the gas through an alveolus and into
the capillaries. The gas is added at a concentration of
less than 100 parts per million (ppm). The alveolus is
modeled as a sphere of radius R, (see Figure 6.29).

FIGURE 6.29 Diffusion in an alveolus.

(a) Determine the mole fraction of the gas and assess

the maximum error in the flux, assuming that the
Mole fraction: 100 parts/million = 100e-6 = 1e-4 gas s a dilute solution of NO. |
: . (b) In each inspiration, the concentratllor_x of NO in
The error is thus? On this level as well.... each alveolus is 30 ppm and the gas is initially uni-
. NPT formly mixed. Is the gas completely removed
Since it is dilute we can assume what?

between breaths? Use the following data:

And flux is what?

alveolus radius = 50 pm Do = 0.2 cm? 57!

CD ij dx ; gas concentration in blood = 0

N. = i
I—x; dr

1

I Mole fraction (ans to part a)

=0.9999 initially and grows because 0.0001 gets smaller(t)...
So...
dx;

=CDy 4r Proceed to calculate flux from here if that is the objective



Problem 6.6

6.6 Nitric oxide (NO) is an extremely potent =
vasodilator that is used to treat newborns who have
pulmonary hypertension and adults who have under-
gone certain operative procedures. We want to examine
the transport of the gas through an alveolus and into
the capillaries. The gas is added at a concentration of
less than 100 parts per million (ppm). The alveolus is
modeled as a sphere of radius R, (see Figure 6.29).

FIGURE 6.29 Diffusion in an alveolus.

(a) Determine the mole fraction of the gas and assess
the maximum error in the flux, assuming that the

Mole fraction: 100 parts/million = 100e-6 = 1e-4 gas s a dilute solution of NO. |
: . (b) In each inspiration, the concentration of NO in
The error is thus? On this level as well.... each alveolus is 30 ppm and the gas is initially uni-
. .. . formly mixed. Is the gas completely removed
Since it is dilute we can assume what?

between breaths? Use the following data:

And flux is what?

alveolus radius = 50 pm Dy = 0.2 cm? 57!

N =— CcD ij d):!. gas concentration in blood = 0
’ I—x; dr
I Mole fraction (ans to part a)
=0.9999 initially and grows because 0.0001 gets smaller(t)...
So... b dx,
Part b. -

i~ Proceed to calculate flux from here if that is the objective
How long to reach steady state?

R?/D;= 1.25e-4 s and is much shorter
5 seconds so yes, the gas is completely
Removed between breaths...



Problem 6.7

6.7 An uncharged membranc separates two aqUCOUS
salt solutions that contain a protein at concentrations
of C; and Cg, with C; > Cj (see Figure 6.30). Stirring
the solutions reduces, but does not eliminate, mass
transfer effects near the membrane surface. The salt
concentrations are the same for both solutions, so the

potential differences are negligible. Flgtw: 6.30 shows
concentration distributions for the protein solutions.

For each sketch, briefly discuss whether the con-
centration profiles are physically possible, and if they
are, determine whether the partition coefficient

®( = C,/Cpor C,/Cg) is greater than, less than, or
equal to unity.

Left figure:
Reason 1 and 2 are satisfied.

Middle figure:
Reasons 1 and 2 are not satisfied.

Right figure:
Reason 2 is not satisfied.

Cr

o

emrne Mbrae
(a) (b)

FIGURE 6.30 Diffusion across a membrane with a partition coefficient different from 1.

We know flow is occurring from left to right:

Needs to hold true:

Reason 1: CL is coming from a source and is expected to be higher on the
far left. It also needs to be higher than CR and CR needs to continue to
drop as you go more to the right.

Reason 2: \We know that the partition coefficient is the same on the left
side and the right side of the membrane. Thus if the concentration on the
far left of the membrane is lower than CL at the membrane, then the
concentration of the membrane also needs to be lower than CR on the far
right of the membrane. Similarly, if the concentration on the far left of the
membrane is higher than CL at the membrane, then the concentration of
the membrane also needs to be higher than CR on the far right of the
membrane.



Probem 6.8

6.8 InSecqonG

of tissue arra

for the steady~staté '
that the diffus:ve resi‘.

fﬁ'f\r

What is your assumption based on the previous result the prob.

Is referring to?




_P_rob\em 6.8

Reminiscent of resistors in electrical systems!



Pr_obem 6.8

x = 0 C1 = QIC@’ |
C = q);CL and‘ ]

for the steady-state
that the diffusive r

" { i EE
DSl S B e R b

What variables do we need not shown here?




Pr_obem 6.8

x = 0 C1 = QIC@’ |
C = q);CL and‘ ]

for the steady-state
that the diffusive r

" { i EE
DSl S B e R b

What variables do we need not shown here?




Probem 6.8

6.8 InSecqonG

of tissue arra

for the steady~staté '
that the diffus:ve resi‘.

fﬁ'f\r

Assuming what about the concentration?




Probem 6.8

6.8 InSecqonG

of tissue arra

for the steady~staté '
that the diffus:ve resi‘.

fﬁ'f\r

Assuming what about the concentration? It’s dilute...




Probem 6.8

6.8 InSecqonG

of tissue arra

for the steady~staté '
that the diffus:ve resi‘.

fﬁ'f\r

What are the conservation relations for each phase?




Problem 6.8

6.8 InSecuonG diffus
of tissue arranged in 5
sider steady-state diffa
arranged pa'.'dﬂelr to
Assume that 18
x-—O C1=¢1 ,i”&lia

= ®,Cy aid €)=
for the steady-state flux
that thc diffus:ve rdsista

fl‘\ ~

What are the conservation relations for each phase?

d’C,
o

What does this mean physically?

d>C,

=0
dx2




Prob.m 6.8

68 In Sectlon 6.7
of tissue arra
sider steady-state

arranged parsﬂel‘ td ca

for the steady-state ﬂu@t, r0SS
that thc diffus:ve resista" ces d

fl‘\ ~

What are the conservation relations for each phase?

2 2
d’Cy _, d2c,
2

5= =0
dx dx
What does this mean physically?

C(x) changes linearly with x or C(x) = 0... when would C(x)=07?



Pro b\_m 6.8

of tissue arran,
sider steady-state usior
arranged parallel to each othes
Assume that diffusion mf‘
x=0,C = ®;Cy and
C, = ®,C; and C =
for the steady-state ﬁu{x T
that thc diffus:ve reslsta r L

/n ~ 1

What are the conservation relations for each phase?

d>C,

d’C,
o

What does this mean physically?

dx

5 =0

C(x) changes linearly with x or C(x) = 0... when would C(x)=0... for long time t (>5tau)

So what does this mean for our solutions of this problem in terms of C(x)?



Problem 6.8

6.8 In Section 6 :,r.-
of tissue arranged tn series
sider steady-state diffu
arranged parallel td eﬁh

x=0,C = QICQ, ’*"ana'
C] q)ICL and C2 ‘

that thc diffuswe rems

’l‘\ ~ 1

What are the conservation relations for each phase?

2 2
¢y, 4% _
2

dx°> dx

What does this mean physically?
C(x) changes linearly with x or C(x) =
So what does this mean for our solutions of this problem in terms of C(x)?

C,=A,x+B, and C,=A,x+B, but let’s actually show this mathematically... jié :

Now what?

= 0... when would C(x)=0... for long time t (>5tau)



Problem 6.8

6.8 In Section 6. f:..,;

of tissue arranged in series
sider steady-state diffusion

arranged parallel to each
Assume that diffusion
x=0,C = @1(:0, *ana
C =¢,C and CZ = ¢'i
for the steady-state flux
that the diffuswe res1sta'

’l‘\ ~ LIS

What are the conservation relations for each phase?

2 2
¢, _, 4G
2

—3 = =0
dx dx
What does this mean physically?

C(x) changes linearly with x or C(x) =
So what does this mean for our solutions of this problem in terms of C(x)?

C,=A,x+B, and C,=A,x+B, but let’s actually show this mathematically... ;!{fé -

Now what? Apply B.C.s

0... when would C(x)=0... for long time t (>5tau)



What is
Conductance of
Each phase?



T

~ Problem 6.9

How?



This is from an earlier problem
to remind you of the solution,
as it is helpful for you for 6.9.




How?



usive

Problem 6.9

Function of L?



How?

Function of L?



model b‘ﬁév’es I

Hebvrena seiolle

Function of L?
Phi.s and D.s must
Be equal...

How?



Problem 6.10

e Where to start?




Problem 6.10

e Where to start?
e ss? Usingr, it is how many
Dimensions?




Problem 6.10

e Where to start?
e ss? Usingr, it is how many
Dimensions?




Problem 6.10

* Where to start?

e ss? Usingr, it is how many
Dimensions?

1-D




Problem 6.10

* Where to start?

e ss? Usingr, it is how many
Dimensions?

1-D

What'’s the equation:




Problem 6.10

e Where to start?

e ss? Usingr, it is how many

Dimensions?
1-D

What'’s the equation:

T
M 1

|
| R
I

R

\\___:__,_/

Remember?
How is this situation different?

Niflr+an)

X""‘r]! [ Fisue €13

,9,_(": - L wir ' &
FL e
(ee€5 Frosr A o= B(Qi
Jfar
& b D YL
G o bl (0

R A
ooy Riog £5°




Problem 6.10

* Where to start?

e ss? Usingr, it is how many
Dimensions?

1-D

What'’s the equation:

: Remember?
—@ How is this situation different?

X""‘r]! [ Fisue €13

' ,9.—(": - £ Mwﬁ
%, What do we need to modify e A& A

(Gets Fresr s Dugi
ar

Niflr+an)

94 b5 (A
F& r or P

i
i
\‘_+"/ oy /’Q‘-?’ £









.Problem 6.11

* Moles of solute leaving side 1 per unit time = moles of solute transported across membrane

: dC1 (Cl } CZ)
Diff. statement -V, —= = A _D_K
6.8.102 dt L
Diff. statement V| —— dCl = (Vm dcm + V, dc?)
6.8.103 dt K dt dt

If Vm<<V2 and Vm<<V1 then...



Problem 6.11

* Moles of solute leaving side 1 per unit time = moles of solute transported across membrane

dC C, - C
Diff. statement — Vl — 1 N : ( 1 2)
6.8.102 dt T

dc, _(Vm dCy |,y dcq)

Diff. statement Vl —
6.8.103 dt

If Vm<<V2 and Vm<<V1 then...
dc, Vv, dq

dt Vv, dt
initial conditions C; =C_and C, =0
V1Co v1Co  V1C,

(%1
Cy=—— ;Cx = C, = — C,=——(C,—C
2 V2 y2 202 72 Ty 0= (GG




Put C2 into 6.8.102

_V dcl _ ApDpK 1+iC _ Vlc
P L v, ) Lov, ©

Solve this for C1: hint: there are exponentials in the solution...
Hint 2: Use integration factor: know how to convert a first order differential equation and
Solve using the integration factor method...covering on 2.6.17
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+ coated pits. (The name arises from the electron-dense
appearance of the membrane in electron microgl'apl?s‘)
A coated pit contains proteins that regulate the binding
of receptors and the formation of vesicles. When a
coated pit forms a vesicle, LDL molecules are trans-
ported to lysosomes. In the lysosome, the cholesterol is

‘esterified and enters the cell cytoplasm; the protein por-
 tion is degraded to amino acid,

‘_ Determine the rate constant for the diffusion-lim-

ited dissociation of LDL receptors from binding sites in
coated pits. Binding and dissociation of LDL receptors
to coated-pit proteins occurs independently of LDL
binding to its receptor. Assume that coated pits have a
radius s and are separated by a distance 2b (see Figure
6.33), and use the following data to determine k_ for
 the dissociation of a receptor from a ternary complex in
coated pits on the cell membrane surface: :
iq borsos ows 1o senmsiled | EE.5 IAUDA

Number of rec



2D,
b
R% ln(—)
R RR

* Would a ligand and receptor be more likely to dissociate if the
complex were free floating in solution versus on the surface of the
cell?

k =

* What does entropy (of what?) have to do with 2 spherical entities in
water (i.e., 2 air bubbles or 2 hydrophobic nanoparticles) combining
to be one? Why are two bubbles coming together favorable in certain
cases?



