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I 

If b' < 4ac and a > 0, f(x) is always > 0. 
If b' < 4ac and a < 0, f(x) is always < 0. 

(a) D<O,a>O 

\:) 
----~------------~x 

Fig.4.21 1\ 
(b) D<O,a<O 

REVISION EXERCISE 4 (Answers on page 617.) · 

A 
'. 

1 Without solving the following equations, state the nature of their roots: 
(a) 3r-x= I (b) (x+ l)(x-2)=:S 
(c) (I -x) = __±._2 (d) ! + 3 = - 1- 1 X+ X X-
(e) (2x + 5)(2x + 3) = 2(6x + 7) 

2 Find the range of values of x for which 3x' < lOx- 3. 

3 Show that the equation (t- 3)x' + (2t- l)x + (t + 2) = 0 has rational roots for all values 
oft. 

4 Show that the equation (p + l)x' + (2p + 3)x + (p + 2) = 0 has real roots for all values 
of p. (C) 

5 The quadratic equation x' + px + q = 0 has roots -2 and 6. Find (i) the value of p and 
of q, (ii) the range of values of r for which the equation x' + px + q = r has no real 
roots. (C) 

6 Express 8 + 2x- x' in the form a- (x + b)'. Hence or otherwise find the range of 
8 + 2x- x' for -I ,;; x,;; 5. 

7 (a) Find the range of values of x for which 6x'- llx ~ 7. 
(b) Find the coordinates of the turning point of the curve y = (2x :- 3)2 + 6 and sketch 

the curve. (C) 

8 Find the range of the function 2x'- 7x + 3 for the domain 0,;; x,;; 4. 

9 State the range of values of k for which 2k- I and k + 2 are (i) both positive, (ii) both 
negative. Hence, or otherwise, find the range of values of k for which 2k2 + 3k < 2. 

(C) 
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Example 1 

Expand (a+ b)8
• 

From the triangle the coefficients are I 8 28 56 70 56 28 8 I. 

Then (a+ b)'= !a8 + 8a1b + 28a6b2 + 56a5b3 + 70a''b' + 56a3b5 + 28a2b6 + 8ab1 + !b8 

Note that the powers of a decrease from 8 to 0 while the powers of b increase from 0 
to 8. The sum of these powers is always 8. 

(a+ b) is the model binomial but we can replace a orb by other expressions. 

Example2 

Expand (2x - 1)4 • 

The initial coefficients are I 4 6 4 I. Here a = 2x, b = -I. 

Then (2x- 1)4 = 1(2x)4 + 4(2x)3(-l) + 6(2x)2(-1)2 + 4(2x)(-1)3 + 1(-1)4 

= !6x'- 32x' + 24x'- 8x + I 

The coefficients are now quite different. The powers of x are in descending order. 

Example 3 

Find in ascending powers of x the expansion of (2- ~ )6• 

The initial coefficients are I 6 15 20 15 6 I. The expansion is 

2' + 6(2') (- D + 15(2') (- ~)' + 20(2')(- ~)' + 15(2')(- ~y + 6(2)(- ~)' + (- D' 
= 64- 6(24)x + 15(22)x2

- 20x3 + 15(~) - 6(;) + ~ 
- 64 - 96x + 60x2 - 20x' + lSx' - 3x' + x' - 4 8 64 

Exercise 5.1 (Answers on page 618.) 

1 Find, in descending powers of x, the expansions of: 
(a) (x- 2)4 (b) (2x- 3)3 (c) (2x + 1)5 

(d)(x-!)' (e)(x+k)' (t) 0-2)' 
2 Expand, in ascending powers of x: 

(a) (I - 2x)5 (b) (2- 3x)' (c) (2-D' (d) (I - x')' 

3 Find, in ascending powers of x, the first four terms in the expansion of: 

(a) (2- x)5 (b) (I - 2x)7 (c) (I - ~)' (d) ( 4- ~)' 
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(b) (l - 2x)3(2 + x)4 ; (l - 6x + 12x2 - Bx')(l6 + 32x + 24x2 + Bx' + x') 
The first four terms will go up to the power of x'. So we multiply the terms in the 
first bracket by 16, 32x, 24x' and Bx' and leave out any terms higher than x'. 

Multiplying by 16 16- 96x + 192x2- 12Bx' 

Multiplying by 32x 32x- 192x' + 3B4x' 

Multiplying by 24x' 

Multiplying by &x' 
24x2- l44x' 

Bx' 

Adding 16- 64x + 24x' + 120x' 

Example 6 

(a) Find the terms in x' and X' in the expansion of(3-} )6 in ascending powers ofx. 

(b) Hence find the coefficient ofx:' in the expansion of (I- ~)(3- ')f 
(a) (3- ~)6 ; 36 + 6(35)(- ~) + 15(34)(- ~)' + 20(33)(- ~)3 + 15(32)(- ~)4 ... 

So the x' term is -20x' and the X' term is + sr. 
(b) Then (1- })(3- ~)6 ; (1- 1)( ... - 20x' + Sf ... ) 

The term in X' is found by multiplying the relevant terms as shown, and is 

lOX'+ sr giving a coefficient of 3i. 

Example 7 
Write down and simplify the first three tenns in the expansioils (in ascending powers 
of x) of (a) (1 - 3; )' and (b) (2 + x)5

• 

Hence find the coefficient of x' in the expansion of (2 - 2x- 3;' )'. 

(a) (1 _ 3x)s; 1 + 5(-;l,t,) + l0(-;l,t,)2 ; 1- 15x + 45x' 
2 2 2 ... 2 2 

(b) (2 + x)5 ; 25 + 5(24)(x) + 10(2')(x') ... ; 32 +BOx+ BOx' 

We notice that (2- 2x- 3;' ) 5 is the product of (a) and (b) 

; [(1 - 3x )(2 + x)]' 
2 

; [1 _ 15x + 45x' ... ][32 +BOx+ BOx' ... ] 
2 2 . 

The term in x' will be the sum of the products linked together, so the coefficient of x' 
is BO- ( ).2 X BO) + ( ~ X 32); 200 2 2 . 
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Example 11 

Jff(x) = x'- Jx' +x + 2, solve the equationf(x) = 0. 

x- I is not a factor of f(x). 

Verify that x + I is also not a factor. 
Try x- 2 and verify that this is a factor. 
Then f(x) = (x- 2)(x'- x- 1). 

The roots of f(x) = 0 are x = 2 and the roots of x'- x- I = 0, 
. 1±-15 • 
I.e. x = - 2- = 1.62 or --0.62. 

Example 12 

Given thotf(x) = x' -2x' +2x, solve the equationf(x) = 4. 

f(x) = 4 gives x' - 2x' + 2x - 4 = 0. To solve this equation, we first factorise the 
polynomial x' - 2x' + 2x - 4. 
Check that x + I and x- I are not factors. Now try x- 2. 
Divide the polynomial by x - 2 to obtain the other factor. 
The equation is (x·- 2)(x' + 2) = 0 and the only root is x = 2 as x' + 2 = 0 has no real 
roots. 

Example 13 

Find the nature and x-coordinates of the turning points on the curve 
y = 3X' +4x' -6x'- 12x +I. 

::;: = 12x' + !2x'- 12x- 12 = 12(x' +.i' -x- I) 

::;: =Owhenx'+.i'-x-1=0. 

x- I is a factor of the left hand side of this equation. 

Thenx' +.i'-x-1 = (x-I)(x' + 2x+ I)= (x-I)(x+ 1)2 and so::;: = 0 whenx= I 
or x =-I. 
d' • J = 12(3.i' + 2x- I) 

Wh I d'y 0 th' . .. . en x = , d.xl > so IS IS a mmnnum pomt. 

When x =-I, ~ = 0 so we use the sign test on ::;: = (x- l)(x + 1)2• 
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Example 18 

The first term of a GP exceeds the second term by 4 and the sum of the 2nd and 3rd 

terms is 2j_ Find the first three terms. 

a -ar = 4 

and ar + ar' = ~ 
a- ar 8 3 

Divide (i) by (ii) to eliminate a: ar + ar' = 4 + 3 = 2 
1- r 3 

Then r+r' = 2 

which gives 2 - 2r = 3r + 3r' or 3r' + 5r- 2 = 0. 

Hence (3r- l)(r + 2) = 0 giving r = t or -2. 

From (i), when r = f, a= 6 and when r = -2, a= 1. 
. 2 4 8 16 

The first three terms are therefore etther 6, 2, 3 or 3 , -3 , 3. 

Example 19 

(i) 

(ii) 

A store finds that it is selling 10% less of an article each week. In the first week it sold 
500. In which week will it be first selling less than 200? 

The number of articles sold forms a GP with a = 500 and r = 0.9. 
[If a= 500 then r, is 10% less i.e. r, = 0.9a] 
r. = 500(0.9)~1 and we require the least value of n for which 500(0.9)"-' < 200 
i.e. 0.9"- 1 < 0.4. Then 0.9" < 0.4 x 0.9 = 0.36. 
This can be found quickly using the x' key of a calculator and testing values of 0.9" 
for say n = 5, 6, ... and stopping when the result is first< 0.36. This will be for n = 10. 
In the lOth week less than 200 are sold. (An alternative method using logarithms is 
shown in Chapter 15). 

Geometric Means 

If a, b and c are consecutive terms of a GP, then b is the geometric mean of a and c. 

~ = ~ so b2 = ac or b = &. For example, the geometric mean of 2 and 32 is 8 as 

,J2 x 32 = 8. 
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Example 4 

Rain is falling vertically at 5 km h-1• A man is sitting by the window of a train 
travelling at 40 km hc1• In what direction do the raindrops appear to cross the windows 
of the train? 

Fig. 21.17 

The vectors are shown in Fig. 21.17. 

40 
(train) 

The velocity of the rain relative to the train= r - t. 

So tan 9 = J0 giving 9 ~ 7.1° .. 

5 
r (rain) 

Thus the rain drops appear to cross the windows at 7 .I 0 to the horizontal. 

Example 5 

A ship is sailing due north at a constant speed of 12 knots. A destroyer sailing at 36 
knots·is 30 nautical miles due east of the sliip. At-this moment, the destroyer is ordered 
to intercept the ship. Find 
(a) the course which the destroyer should take,. 
(b) the velocity of the destroyer relative to the ship, 
(c) the time taken for the destroyer to reach the ship. 
[It is assumed that both the ship and the destroyer do not change their velocities.]. 

c 

~" T --- - v I 

Fig. 21.18· 

t-s 
I 
I 

30n';;, ------ t -s 
-.._--J 

Fig.21.18 shows the.· positions of the sltip. S and the destroyer D. We reduceS' to rest 
by. introducing a. velocity of'l2 knots due south to both Sand D. Then the course of -> . -> 
Dis DC and; ttrinterceptS; its track (DT)·must lie along DS. 
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By the cosine rule, 

I oW I'= 402 + 102 -2 x 40 X 10 x cos 30° giving I oW I~ 31.7. 

AI sine sin30° .. e 910 so, 10 = 3IT g1vmg ~ . . 

Hence the true velocity of the wind is 31.7 km h-1 towards the direction (60°- 9.1 °) 
= 50.9° or from the direction 230.9°. 

2 By calculation (using vectors) 

[By vectors, take i along oE and j along oN. 
Qt = (40 sin 60°)i + (40 cos 60°)j = (20 -J3)i + 20j 

WiG= -!Oi 

OW= OC + Wi(; = (20..J3- IO)i + 20j 
-> . r;; -> I OW /2 = (20 '13 -10)2 + 202 giving I OW I~ 31.7. 

AI 2o,f3-w . . 509o so, tan ~ = 
20 

glV!ng ~ ~ . . 

Thus we obtain the same results as before. 

3 First draw a sketch and label it with all the information given (it should be a rough 
version of Fig. 21.19). The actual drawing must be done carefully. Choose a 
suitable scale to ensure reasonably accurate results, say I em for 4 km h-1. 
Draw a north line ON as in Fig. 21.19. 
From 0, draw OC 10 em long with LNOC = 60°. 
From C, draw CW 2.5 em long parallel to OE. 
Join OW. 
Measure OW (and convert to km h-1) and LNOW. 
Compare with the calculated values above. 

Exercise 21.2 (Answers on page 649.) 

1 Aeroplane A is flying due Nat !50 km h-1• Aeroplane B is flying due Eat 200 km h-1• 

Find the velocity of B relative to A. 

2 Two cars A and B are travelling on roads which cross at right angles. Car A is 
travelling due east at 60 km h-1, car B is travelling at 40 km h-1 due north, both going 
towards the crossing. Find the velocity of B relative to A. [The magnitude and 
direction must be given]. 

3 A passenger is on the deck of a ship sailing due east at 25 km h-1• The wind is blowing 
from the north-east at 10 km h-1• What is the velocity of the wind relative to the 
passenger? 

4 A road (running north-south) crosses a railway line at right angles. A passenger in a 
car travelling north at 60 km h-1 and 600 m south of the bridge, sees a train, travelling 
west at 90 km h-1, which is 800 m east of the bridge. Find the velocity of the train 
relative to the car. 
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(a) We use unit vectors, taking i along the horizontal direction and j the vertical 
direction as shown in Fig. 23.12. 

Fig. 23.12 

+ 
I 
I 
I 
I 
I 

20 N 

50° ______ ..... 
i 

The horizontal component is (20 cos 50°)i z 12.9i. 
The vertical component is (20 sin 50°)j z 15.3j. 

Hence the horizontal and vertical components are 12.9 Nand 15.3 N respectively. 

(b) We take i along the plane andj normal to the plane as shown in Fig.23.l3. 

Fig. 23.13 ---

j \ 
I 
I 
I 
I 
I 
I --

20 N 

The component along the plane is (20 cos 30°)i z 17 .3i. 
The component normal to the plane is (20 sin 30°)j = 10j. 

Hence the components along and normal to the plane are 17.3 Nand 10 N respec
tively. 

COPlANAR FORCES ACTING ON A PARTICLE 

Coplanar forces are forces acting in the same plane. We can find the resultant of any 
number of coplanar forces acting on a particle by resolving the forces in 2 perpendicular 
directions of our choice and then recombining the components to obtain the resultant. 
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Example 3 

Forces of magnitudes 1 N, 2 N, 3 N, 4 Nand 5 N act along the lines OA, OB, OC, OD 
and OE respectively, where OABCDE is a regular hexagon. Find the resultant of the 

. ' forces. 

L 
i 

Fig. 23.14 A B 

The forces acting are shown in Fig.23.14. 
Take 1 and j along and perpendicular to OC respectively. 

Sum of components along OC 
= (I cos 60° + 2 cos 30° + 3 + 4 cos 30° + 5 cos 60°)1 = 11.21 

Sum of components perpendicular to OC 
= (-1 sin 60°- 2 sin 30° + 0 + 4 sin 30° + 5 sin 60°)j = 4.5j 

Hence the resultant forcer= 11.21 + 4.5j (Fig.23.15). 

Fig. 23.15 

4.5j r I C2J I e 
0 11.21 

I r I'= 11.22 + 4.52 giving I r I= 12.1. 

The angle 9 which the resultant makes with OC is given by 

e 45 · · e 21 9° tan = !1.2 gtvmg = . . 

Hence the resultant is 12.1 N-acting at 21.9° to OC. 

We can also obtain the resultant graphically. 

c 

Let the forces along OA, OB, OC, OD, OE be a, b, c, d, e, respectively. A suitable 
scale is chosen, say 1 em: 1 N. We s(arl by drawing a line to represent a in magnitude 
and direction. (We can start with any force, the order is immaterial). Then we add the 
other forces, one at a time, each force starting from the end point of the one before. 
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4 Two forces P Nand Q N include an angle of 120° and their resultant is {19 N. If 
the included angle between the forces were 60°, their resultant would be 7 N. Find 
p~~ ~ 

5 Find the magnitude and direction of the resultant of the following coplanar forces 
acting at a point 0: 10 N in direction 000°; 5 N in direction 090°; 20 N in direction 
135°; 10 N in direction 225°. 

6 The resultant of two forces X N and 3 N is 7 N. If the 3 N force is reversed, the 
resultant is {19 N. Find the value of X and the angle between the two forces; 

7 Two forces of 13 N and 5 N act at a point. Find the angle between the forces when 
their resultant makes the largest possible angle with the 13 N force. Find also the 
magnitude of the resultant when the angle between the forces has this value. (C) 

8 The resultant of a force 2F N in a direction 090° and a force F N in a direction 330° 
is a force of 12 N. Calculate the value of F. 

It is required to add a third force X N in a direction 270° so that the resultant of the 
system is in a direction 000°. Calculate the value of X. (C) 

9 Two concurrent forces of equal magnitude have a resultant of 12 N. When one force 
is reversed the resultant becomes 6 N. Calculate the magnitude of each force and the 
angle between them. (C) 

10 Fig.23.20 shows four forces in a plane. Given that cos 8 = ~ and that the resultant of 
the forces is 6--/2 N in a direction 225°, calculate the values of P and Q. (C) 

2QN 
Fig.23.20 2PN 

11 Four horizontal forces of magnitudes 1 N, 2 N, 3 N, and 4 N act at a point in the 
directions whose bearings are 000°, 060°, 120° and 270° respectively. Calculate the 
magnitude of their resultant. 

A fifth horizontal force of magnitude 3 N now acts at the same point so that the 
resultant of all five forces has a bearing of 090°. Find the bearing of this fifth force. 

(C) 
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