13.4 Work done by Constant Forces

We will begin our discussion of the concept of work by analyzing the motion of an object
in one dimension acted on by constant forces. Let’s consider the following example: push
a cup forward with a constant force along a desktop. When the cup changes velocity (and
hence kinetic energy), the sum of the forces acting on the cup must be non-zero according
to Newton’s Second Law. There are three forces involved in this motion: the applied

pushing force F*; the contact force C =N+ fk ; and gravity F¢ = mg . The force diagram
on the cup is shown in Figure 13.2.

—

Figure 13.2 Force diagram for cup.

Let’s choose our coordinate system so that the +x-direction is the direction of the
forward motion of the cup. The pushing force can then be described by

F'=F"1i. (13.4.1)
Suppose a body moves from an initial point x, to a final point x  so that the

displacement of the point the force acts on is Ax=x_ —x,. The work done by a

,
constant force F* = F; “i acting on the body is the product of the component of

the force F* and the displacement Ax,
W=F'Ax. (13.4.2)

Work is a scalar quantity; it is not a vector quantity. The SI unit for work is
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[IN-m]=[1kg-m-s*][Im]=[lkg-m*-s>]=[1]]. (13.4.3)

Note that work has the same dimension and the same SI unit as kinetic energy. Because
our applied force is along the direction of motion, both >0 and Ax>0. In this

example, the work done is just the product of the magnitude of the applied force and the
distance through which that force acts and is positive. In the definition of work done by a
force, the force can act at any point on the body. The displacement that appears in
Equation (13.4.2) is not the displacement of the body but the displacement of the point of
application of the force. For point-like objects, the displacement of the point of
application of the force is equal to the displacement of the body. However for an
extended body, we need to focus on where the force acts and whether or not that point of
application undergoes any displacement in the direction of the force as the following
example illustrates.

Example 13.2 Work Done by Static Fiction

Suppose you are initially standing and you start walking by pushing against the ground
with your feet and your feet do not slip. What is the work done by the static friction force
acting on you?

Solution: When you apply a contact force against the ground, the ground applies an
equal and opposite contact force on you. The tangential component of this constant force
is the force of static friction acting on you. Since your foot is at rest while you are
pushing against the ground, there is no displacement of the point of application of this
static friction force. Therefore static friction does zero work on you while you are
accelerating. You may be surprised by this result but if you think about energy
transformation, chemical energy stored in your muscle cells is being transformed into
kinetic energy of motion and thermal energy.

When forces are opposing the motion, as in our example of pushing the cup, the
kinetic friction force is given by

F/=f i=-uNi=-umgi. (13.4.4)

Here the component of the force is in the opposite direction as the displacement. The
work done by the kinetic friction force is negative,

W/ =—u mgAx. (13.4.5)

Since the gravitation force is perpendicular to the motion of the cup, the gravitational
force has no component along the line of motion. Therefore the gravitation force does
zero work on the cup when the cup is slid forward in the horizontal direction. The
normal force is also perpendicular to the motion, and hence does no work.

13-2



We see that the pushing force does positive work, the kinetic friction force does
negative work, and the gravitation and normal force does zero work.
Example 13.3 Work Done by Force Applied in the Direction of Displacement

Push a cup of mass 0.2 kg along a horizontal table with a force of magnitude 2.0 N for a
distance of 0.5 m. The coefficient of friction between the table and the cup is 1, =0.10.

Calculate the work done by the pushing force and the work done by the friction force.

Solution: The work done by the pushing force is
W' =F'Ax=(2.0N)0.5m)=1.0]. (13.4.6)
The work done by the friction force is
w' = —u,mgAx =—(0.1)(0.2 kg)(9.8 m- s7)(0.5m)=-0.1017 . (13.4.7)
Example 13.4 Work Done by Force Applied at an Angle to the Direction of
Displacement

Suppose we push the cup in the previous example with a force of the same magnitude but

at an angle 6 =30° upwards with respect to the table. Calculate the work done by the
pushing force. Calculate the work done by the kinetic friction force.

Solution: The force diagram on the cup and coordinate system is shown in Figure 13.3.
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Figure 13.3 Force diagram on cup.

The x -component of the pushing force is now

F*=F“cos(6) = (2.0 N)(cos(30°))=1.7 N . (13.4.8)

X

The work done by the pushing force is
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W=FAx=(1.7N)0.5m)=8.7x10""J. (13.4.9)

The kinetic friction force is
F/ =—uNi. (13.4.10)

In this case, the magnitude of the normal force is not simply the same as the weight of the
cup. We need to find the y -component of the applied force,

F=Fsin(8)= (2.0 N)(sin(30")=1.0N. (13.4.11)
To find the normal force, we apply Newton’s Second Law in the y -direction,

F'+N-mg=0. (13.4.12)

Then the normal force is
N=mg-F’'=(02kg)(9.8m-s7)~(1.ON)=9.6x10"' N. (13.4.13)
The work done by the kinetic friction force is

W/ =—p NAx =—(0.1(9.6 X107 N)(0.5 m)=4.8x107J . (13.4.14)

Example 13.5 Work done by Gravity Near the Surface of the Earth

Consider a point-like body of mass m near the surface of the earth falling directly
towards the center of the earth. The gravitation force between the body and the earth is

nearly constant, F

grav

=mg . Let’s choose a coordinate system with the origin at the
surface of the earth and the +y -direction pointing away from the center of the earth
Suppose the body starts from an initial point y, and falls to a final point y p closer to the

earth. How much work does the gravitation force do on the body as it falls?

Solution: The displacement of the body is negative, Ay=y —y <0. The gravitation

force is given by
F*=mg=F*j=—-mgj. (13.4.15)

The work done on the body is then

Wg:FygAyz—mgAy. (13.4.16)
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For a falling body, the displacement of the body is negative, Ay=y -y, <0; therefore

the work done by gravity is positive, W* >0. The gravitation force is pointing in the
same direction as the displacement of the falling object so the work should be positive.

When an object is rising while under the influence of a gravitation force,
Ay=y, —y,>0. The work done by the gravitation force for a rising body is negative,

W# <0, because the gravitation force is pointing in the opposite direction from that in
which the object is displaced.

It’s important to note that the choice of the positive direction as being away from the
center of the earth (“up”) does not make a difference. If the downward direction were
chosen positive, the falling body would have a positive displacement and the
gravitational force as given in Equation (13.4.15) would have a positive downward

component; the product F*Ay would still be positive.
Yy

13.5 Work done by Non-Constant Forces

Consider a body moving in the x -direction under the influence of a non-constant force in
the x -direction, F = F_i. The body moves from an initial position x, to a final position

x,. In order to calculate the work done by a non-constant force, we will divide up the

displacement of the point of application of the force into a large number N of small
displacements Ax, where the index j marks the j™ displacement and takes integer

values from / to N. Let (£, ),, denote the average value of the x -component of the

ave

force in the displacement interval [x

1»X;]. For the j™ displacement interval we

calculate the contribution to the work

W =(F )

J x,j7ave

Ax, (13.5.1)

This contribution is a scalar so we add up these scalar quantities to get the total work

=N =N

W=D W=D (F.),.Ax,. (13.5.2)

Jj=1 J=1

The sum in Equation (13.5.2) depends on the number of divisions N and the width of the
intervals Ax;. In order to define a quantity that is independent of the divisions, we take

the limit as N — o and ‘Ax]‘ — 0 for all j. The work is then
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=N =iy
W= lim 3(F, ), A, = [ F(x)dr (13.5.3)

| [0 /7! x=x;

This last expression is the definite integral of the x -component of the force with respect
to the parameter x . In Figure 13.5 we graph the x -component of the force as a function

of the parameter x. The work integral is the area under this curve between x =x, and

szf.

Figure 13.5 Plot of x -component of a sample force F (x) as a function of x.

Example 13.6 Work done by the Spring Force

Connect one end of an unstretched spring of length /; with spring constant & to an object
resting on a smooth frictionless table and fix the other end of the spring to a wall. Choose
an origin as shown in the figure. Stretch the spring by an amount x, and release the
object. How much work does the spring do on the object when the spring is stretched by
an amount x . ?

W A4 h o o
<> | | - <—>: : —
x=0 x=0 | x=0"

Figure 13.6 Equilibrium, initial and final states for a spring

Solution: We first begin by choosing a coordinate system with our origin located at the

position of the object when the spring is unstretched (or uncompressed). We choose the i
unit vector to point in the direction the object moves when the spring is being stretched.
We choose the coordinate function x to denote the position of the object with respect to
the origin. We show the coordinate function and free-body force diagram in the figure
below.
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Figure 13.6a Spring force

The spring force on the object is given by (Figure 13.6a)

F:F;i:—kxi

(13.5.4)

In Figure 13.7 we show the graph of the x-component of the spring force, F (x), as a

function of x.

F(x)

F (x)=-kx

Figure 13.7 Plot of spring force F_(x) vs. displacement x

The work done is just the area under the curve for the interval x, to x ,

x’:xf x':xf
w= | F)d'= | —kx'dx’z—%k(x;—xiz)

_ _
X —X‘- X —Xi

(13.5.5)

This result is independent of the sign of x, and x / because both quantities appear as

squares. If the spring is less stretched or compressed in the final state than in the initial

state, then the absolute value,

Xf‘ <‘xi

, and the work done by the spring force is positive.

The spring force does positive work on the body when the spring goes from a state of

“greater tension” to a state of “lesser tension.”
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